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Abstract

The evaluation of the basic two-electron integrals involved in the calculation of
extracule and intracule densitics is described. Expressions are given for the evalu-
ation of the related spherically averaged, longitudinal, and transverse probability
functions from wave functions constructed from Gaussian basis sets. All results are
expressed in closed analytical forms which are suited to efficient coding. Given that
certain pair densities can be related to experimental scattering cross sections, the
formulae reported herein will facilitate further comparison between experiment and
theory and lead to a more comprehensive understanding of the electronic structures
of molecules.

1. Introduction

The electron pair model by Lewis [1] and the valence-shell electron pair
repulsion model by Gillespie and Nyholm [2] have ensured that the concept of
electron pairs is one of the central models of chemistry. It is therefore remark-
able that there have been very few studies of pair densities in molecules [3—12]
relative to the extensive literature on one-electron densities [13]. We report here
formulae required for the calculation of cxtracule and intracule densities from
wave functions constructed from Gaussian basis sets. These formulae are suit-
able for calculations of pair densities in molecules and are given in a form
suitable to interface with standard ab initio molecular orbital programs which employ
Gaussian basis sets.
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2. Extracular and intracular coordinates

The natural choice of coordinates to study pair densities without losing the
genuine two-electron character of the clectron pair density

N(N -1
NV =D 1 6(r - r1)6(r2 - 15)1)

ry,rm) = >

is to introduce the extracular R = (r, +ry)/2 and the intracular r=r -r, co-
ordinates {14]. The extracule and the intracule densities are then defined by

E(R) = (¥ 25(1{— rij”)% (1)
> -
and
I(ry=(Q¥|Y, 8(r—ri+r)|¥), (2)
i>]

respectively. One can then usc the Slater—Condon rules for matrix elements between
Slater determinants and write egs. (1) and (2) in terms of the spin orbitals. Then, by
introducing the usual definition of the clements of the density matrix in the
Roothaan—Hall scif-consistent field method for a closed shell, the extracule and
intracule densitics can be written in terms of the basis functions as

ER)=Y J5, (LPuPio— § PuPos) 3)
Hvoid
and
1 =3 I8 (L PP — L PruPyy). (4)
UV

For an open shell, the corresponding expressions are

ER)= Y, 1o (PLPl— PEPS - PEPE), (5)
uvak
Iy =3, 350, (PP - PRS- PEPL). (6)
pvali

In egs. (3)—(6), we have used the notation of Szabo and Ostlund [15]. The
evaluation of eqs. (3)—(6) requires values for the basic two-clectron extracule integral
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T (R)= (v oA) %

B(R— Ty +r2‘J
2

and the basic two-electron intracule integral
Jien(r) = (V| 8(r—ry +ry)| 02), (8)

In the next scction, we shall describe the evaluation of these basic two-electron
intcgrals in terms of Gaussian-type orbitals.

3. The two-electron integrals

The basic two-electron integrals, €gs. (8) and (9), will be evaluated using Cartesian
Gaussian basis functions, defined in the usual manner:

_ _ 2
ulayu, Ry, Lm, mir) = (x = X)) (y = Yu)" (2= Z)" e @Rl
The Gaussian functions contraction thcorem [16] allows us to write

¢p(ay: R/,L) 11 3’"1 anl ;rl )‘z)v(av;Rv:[Z,mQ’n?.;rl)

X ¢o(Cg, R, l3,m3,n3,r2)05 (a2, Ry, lg,my, nqir2)

Ii+1y l3+ly mi+ma my+myg ny+ns ny+ng .
=K > X D D D fifida St far = Xp) (2 = X )

I=0 !'=0 m=0 m'=0 n=0 n'=0

' 2 2
X (Y1 =Yp) " (y2 = Yp)" X (21 —Zp)* (22 = Zp)" exp (=1l n —Rpl* =1l -Rpl7),
where:
Rp = (a},lR;l+ ayRy) /I,

Ry = (agRs+ 03Ry) /12,

Y1 = a‘u+a\/9

1l

Y= O+ 0y,

K =exp(-a,a, Ry~ R, /7 — aoos| Ro—Rol* I7).
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Then, using the Fourier transform of the dclta function,
Bt
Ay ik-(r-A)
5(r A)-(—Z”) [ake :
. T (¢) . o ; senecti 1q-
the two-electron integrals J;vgx(R) and mek(r) can be factorized, respectively, as:

;1(:33;9 (R)

( ) IW+12 Ia+ly mi+my ma+ma ny+ny ny+ng RP+RQ)

12 z Z Z Z zﬁﬁfmﬁﬂfnfnjdke R =L

X Ay (ke 12,0 (K 12, Y0 Y (ko 12, 1) Chy 12,9000 (ke 12, YK 12, 72) (9)

and

1 3 Iy+1y I3+ly my+my my+my ny+n 3+n
=(§7J KY 2 2 2 Z 2 fi fifn fono e | dk R =R RO
I=0 1'=0 m=0 m'=0 n=0 ‘=0
x 11+(kx ' N )Ilj(kx » Y2 )[r: (k ' T )[/;'(ky » 12 )]n+(kz N )In_'(kz » 72 )1 (10)
where the integral

By = [ deadetiter? (1)

is related to the Hermite polynomials H (x) by [17]

12 J
J [——1—} KT, (+k/2 7). (12)

Ik, y) = i’(
j 2y

~< 1]

Substitution of eq. (12) into (9) and (10) gives
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I+l [3+1ls my+mo ma+mg ni+ny natng

51,A<R)—(—2—1—]3K2 DIEDVED VDD

‘=0 a=0 n'=0

7[3 (i_)[+m+n+1'+m'+n'

X f1J1fm Fenfu for — — '
(\[7/1 )I+m+n+3(\[y2)l'+m'+n +3

Xp+X  Yp+Y Zp+ 2y
><ﬁyKX——l7—§)1éP;WKY- PQQJJ6}{MMZ——LTQJJ61

and (13
1 \ 141y l3+ly my+my ma+my ny+ny na+ng
,u(tf)a) (r= (T} 2
=0 !'=0 m=0 m'=0 n=0 nr'=0
HB(_L)”’"‘M“'“",*”I
X flfl'ﬁnﬁn'fnfn' — , oo
(\/Vl )I+m+n+3(\f_}g)l wmitn’+3
X Sl =Xp+X0), 4Vm e ((y = Yp + Y0), 41 (2 = Zp + Z), 41, (14)
where the integral
ij'(x,a) _ J dkcikx—k2(71+}’2)/a717’2Hj(_k/m)Hj,(ik/J&yé) (15

can be expressed as a linear combination of Iji(k, y)-like integrals. After evaluating the
integral in eq. (15) and substituting the results into cgs. (13) and (14), some tedious
algebra leads 1o

Iy

32 .
47 ~3a%R - BroRoy?
¢ Ia,13,14

AN, m)zk[
Hvah h+7

(2X = Xp-Xg)

X Z:l,mz,mLm‘; (2Y - YP - YQ) X Tnt,nz,n3,n4(2z"' ZP - ZQ): (16)

32
T ~AYr—Rp +RolPp—
;fl\/)ax(r) = (y} +y2j e AR R (=X p+X)

X Tn;l,mz,m3,m4(y - YP + YQ) X Tn—l,nz,nyxa(z -ZP +ZQ): (17)
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ﬁf(l)eg ]AZ =¥ /(% + ¥) and T*(x) is the angular factor introduced by Thakkar ct al.

Ty (X) = O, W (o) H; (Ax), (18)
where

2=2 2 2 2. (19)
Ji

Ji=JH =20+,

Wi, = ED S fi Ny A
' 2 (=201 = 207)!

(20)

Equations (16) and (17), respectively, arc operationally equivalent to the computational
procedures of Thakkar and Moore [18], and Thakkar ct al. [10]. Note that egs. (16)—(20)
allow us to check for the normalization of both the extracule and intracule densities,
ie:

de E(R):J’dr/(r):@). 1)

4, The spherically averaged two-electron integrals

It has long been known that for an incident X-ray frequency far removed from
the characteristic electronic absorption bands of the target atom or molecule, it is
possible to interpret the total X-ray scattered intensity in terms of the radial intracule
density function [6]. The evaluation of the spherically averaged and radial extracule
and intracule density functions requires values for the following basic two-electron
integrals:

372
L (R) = K( yl 4+”y2 J R RNy (OR,A), (22)
372 22 o
| . IO
Jﬁ%ﬁr)%(;—;};) rre U g (1 B), (23)
1

where

A=|Rp+Rgl, B=IRp-Ryl, j=(1j2j3Ja)
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Fig. 1. The coordinate system used.

and
+ ' 24%x cosf
STma(x,¢) = Jd()sm@e
)
2n
X [ Tt 10 @) Tt mamsme (02T s (v3) g, (24)
0
where
v, [X| sin@ cos¢
v =|vy |=u||x] sinf sing 25)
U3 |X| cosf—c

and the transformation matrix u changes the coordinates to a new system where the
vector ¢ lies in the z-direction (see fig. 1). Bearing in mind the expression for T*(x)
(see eq. (18)), the integral over ¢ in eq. (24) can be written as a linear combination
of beta functions, B(x, y) {19]. Then, the integral over 6 is solved to obtain

I
St nn(x,0) =22 WE1:) D, Clp, 1)APK (p, 1) 2, W *(m))
2 - 4

1 mj

x zC(q,r;lj)A"K(q,2)2Wi(ﬁk)ZC(r,;zk)A'K(r,3)
q ~ r

ni

I(iy;2A%cx), (26)

Xxi1+i3ci—i]~i33(lz+1 11_12+1)

2 3
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where C(i, j ) is the ith coefficient of the jth order Hermite polynomial,

a a ay al a-—ay a— al
N — . a ay—~—az a-ay—ay, a—ay
K(a, = z (al ) Z (az )ui\ i, 2 ( @ )(—1) Uiy

ay=0 az=0 az=0

and

al2 a-2t i
a/2 , d sinh (y)
lan=3 (" )en ,
y 1;) t dya—ZX v
l=p+q+ri =p +q +r,L,=p,+q,+r,,=p, +q,+r,

For s-type Gaussian basis functions, S?m (x, ¢) reduces to

St (x,¢) = —2— sinh (24%cx).
X

2A%¢

(27)

(28)

(29)

Substitution of eq. (29) into cq. (23) gives the spherically averaged basic intracule
integral for spherical Gaussians which was reported recently [12]. It should be stressed

that the fomulae given in this scction are not restricted to linear molecules.

5. Longitudinal and transverse two-electron integrals

Standard cylindrical coordinate represcntations of intracule (b, z, ¢) and
extracule (B, Z, ¢) densities are appropriate for discussion of the two-electron proper-
ties [9] of lincar molecules. The basic two-clectron integrals which should be solved
in order to evaluate the longitudinal and transverse intracule and extracule probability

functions are:

32
e A 4 —AN2T—Zp —70)2
L/(N)M(Z) =z K( - fsz QL Ze-Zolpe 07 7, - Zy)

X Trzlmzmgma(o)tglzhlﬁz(]) 0);

3n
: T AL, “ 2
LS\ZGA(Z): an(Vl +7’2) e Tninansns(2=2p + Zg)

X Tr;1m2m3m4 (O)t/—1121314 (] > O)’

(30)

(31)
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32
4r -
voA(B)" ﬂK(’}’ ) Be 4ABT1n2n3n4(23)

1+ %

X Tr:gmzm:;ma (O)t;;121314 (O,—‘m), (32)

3R
Ty(\lx)ax(b):z”/(( ] e T nins (B)

nt+r
x Tﬂ:lmzrn3m4 (O)t1; 15151, (0, —o2), (33)
where
t/uzjsjd (J;x) = j &% 'I}jj2,3“(y)yjdy. (34)

X

The integral of eq. (34) can be done analytically and the result is:

+ 1 £,
G1j2jsje(1,0) = A2 ZW (JI)G;". , (35)
Ji
s 0, oo - [7_[ Jitjz jatja f]fjj'j/' (36)
J1j2]3]a M 7A e 2]_‘_},)/{/2},%,/2(!2‘)’(%), ’
(even) (even)
where the function G _is defined by
[n/2]
(-1)Tr +1- Y
G—n'z (3 )2 2 (37)

- it(n-2N!

and is closely related to the ultraspheric polynomials C: [19] by

C(1 "/2)(1)

for n £ 3.
The normalization chosen (see eq. (21)) for /(r) and E(R) ensures that

[azL82) = [0z 000 (2) = [aB TS (8) = [abT, ;{,A(b)=@).
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6. Discussion

Expressions for the intracule density were first given by Lester and Krauss [3],
and for the extracule density by Thakkar and Moore [18]. Thakkar et al. [10] pointed
out that the formulae of Lester and Krauss contain many errors and are not suited to
efficient computation. Conse-quently, Thakkar ct al. [10] published formulae that are
more suited to efficient computation. They chose to calculate the spherical average of
the intracule density by numerical integration of the intracule density with respect to
the angles, taking advantage of the high symmetry of diatomic molecules. The
formulae reported herein are, however, analytical and are casily extended to the analytical
evaluation of the associated probability functions and their corresponding moments.
They are also extend-able to properties associated with the densitics, such as gradients
and Laplacians. The latter have proven useful for the analysis of the first-order electron
density. In fact, a parallel analysis can be carried out for the second-order electron
densitics provided analytical representations of the intracule and extracule densities are
available. The formulac rcported in this paper make such an analysis possible.

7. Summary

Starting from the definitions of the extracule and the intracule densities (egs. (2)
and (3)) and using generalized Cartesian Gaussian-type basis set functions, we have
evaluated all the basic two-clectron intcgrals involved in the calculation of the two-
electron densitics and their related spherically averaged, longitudinal and transverse
probability functions. This should facilitate the extraction of information from N-
electron wave functions and lead to detailed descriptions of molecular structures
comparable 1o those available for a few atomic states [20]. In the long term, informa-
tion on two-clectron distributions should complement the insight gained from the
properties of the charge density in molecules. It must be noted, however, that whereas
the effect of electron correlation on one-clectron density distributions is relatively small
[21,22], correlation cffects cannot be ignored in the case of pair densities. Fortunately,
the formulae reported here can be used to evaluate pair densities from configuration
interaction (CI) wave functions, as demonstrated by our recent study of the intracule
densities and electron correlation in the hydrogen molecule [12].
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